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THE SYMMETRIC ACTION ON SECONDARY HOMOTOPY 

GROUPS 

HANS-JOACHIM BAUES AND FERNANDO MURO 



Abstract. We show that the symmetric track group SymQ(n), which is an 
extension of the symmetric group Sym(n) associated to the second Stiofel- 
Withney class, acts as a crossed module on the secondary homotopy group of 
a pointed space. 



H 

"^ [ Introduction 

"^ . Secondary homotopy operations like Toda brackets [Tod62] or cup-one-products 

2 ' [BJM83], [HM93], are defined by pasting tracks, where tracks are homotopy classes 

of homotopies. Since secondary homotopy operations play a crucial role in homo- 
topy theory it is of importance to develop the algebraic theory of tracks. We do 

*v^ . this by introducing secondary homotopy groups of a pointed space X 

en ■ 

f~^ ■ which have the structure of a quadratic pair module, see Section 1. Here 9 is a 

^^ I group homomorphism with cokernel 7r„X and kernel iTn+iX for n > 3. 

^D . We define Iln,*X for n > 2 directly in terms of maps S*" — > X and tracks from 

^SZ. [ such maps to the trivial map. For n > the functor n„_* is an additive version of 

the functor 7r„^* studied in [BM05a]. The homotopy category of (n — l)-connected 
i -fn I {n + l)-types is equivalent via n„^* to the homotopy category of quadratic pair 

d i modules for n > 3. 

In this paper we consider the "generalized coefficients" of secondary homotopy 
groups n„.*X obtained by the action of the symmetric group Sym(n) on S*" — 

S^A ■ ■ ■ AS^ via permutation of coordinates. For a permutation a G Sym(n) the 
map a: 5"' -^ S"' has degree signer G {±1}- The group {±1} also acts on S'" by 
using the topological abelian group structure of S^ and suspending {n — 1) times. 
This shows that there are tracks a => sign a which by definition are the elements of 
the symmetric track group SymQ(ri). Also these tracks act on Iln^*X. We clarify 
this action by showing that the group Synig (n) gives rise to a crossed module which 
acts as a crossed module on the quadratic pair module Iln,*X. 
The symmetric track group is a central extension 

Z/2 ^-> Sym[](n) -» Sym(7i) 
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2 HANS-JOACHIM BAUES AND FERNANDO MURO 

which, as we show, represents the second Sticfel-Withncy class puUed back to 
Sym(n). The symmetric track group is computed in Section 6. We actually com- 
pute a faithful positive pin representation of Sym^ (n) from which we derive a finite 
presentation of this group. This group also arose in a different way in the work of 
Schur [Schll] and Serre [Ser84]. 

In [BM05b] we describe the smash product operation on secondary homotopy 
groups Hn^^X . This operation endows 11*,* with the structure of a lax symmetric 
monoidal functor where the crossed module action of Symg(n) on n„,*X is of 
crucial importance. This leads to an algebraic approximation of the symmetric 
monoidal category of spectra by secondary homotopy groups, see [BM06]. As an 
example we prove a formula for the unstable cup-one-product a Ui a G T^2n+iS'^"^ 
of an element a G 7r„5™ where n and m are even. We show that 

2{a Ui a) - ^^±^(a A a)(S2("-i),7) 

where ry : S*^ ^ S*^ is the Hopf map. If n/2 is odd and m/2 is even then this formula 
was achieved by totally different methods in [B JM83] . 

1. Square groups and quadratic pair modules 

In this section we describe the algebraic concepts needed for the structure of 
secondary homotopy groups. 

Definition 1.1. A square group AT is a diagram 

p 

X ~ (ATe ^ ATee) 
H 

where A"e is a group with an additively written group law, Xge is an abelian group, 
P is a homomorphism, H is a function such that the crossed effect 

{a\b)H = H{a + b)- H{b) - H{a) 

is linear in a and b G ATg, and the following relations are satisfied, a;,j/ G A'ee, 

(1) {Px\b)H = 0, {a\Py) = 0, 

(2) P{a\b)H-=--a-b + a + b, 

(3) PHP{x) = P{x) + P{x). 
The function 

T = HP-l:X,,^ Xee 
is an involution, i. e. a homomorphism with T^ = 1. 

A morphism of square groups / : A" ^ y is given by homomorphisms 

Je • ^e ^ ^ ei 

Jee- ^ee ^ -'ee; 

commuting with P and H . 

Let SG be the category of square groups. A square group X with Xge = is the 
same as an abelian group Xf.. This yields the full inclusion of categories Ab C SG 
where Ab is the category of abelian groups. 

Square groups were introduced in [BP99] to describe quadratic endofunctors of 
the category Gr of groups. More precisely, any square group X gives rise to a 
quadratic functor 

-®X:Gy — > Gr. 
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Given a group G the group G ® X is generated by the symbols g®x and [g, h] ® z, 
g,h €z G, X E Xe, z G Xee subject to the relations 

{g + h) iSi X — g 1^ X + hi^ X + [g,h]i^ H{x), 

[g,g](E)z = g®P{z), 

where g ®x is linear in x and [g,h]® z is central and linear in each variable g,h, z. 
If X is an abelian group then G (S> X — Gab ^E) Xe- In fact, any quadratic functor 
F : Gr -^ Gr which preserves reflexive coequalizers and filtered colimits has the 
form F ~ — (E) X, see [BP99]. The theory of square groups is discussed in detail in 
[BJP05]. 

There is a natural isomorphism 

Xe -^ Z(g) X, X 1-^ l(g>X. 

In particular the homomorphism n : Z ^ Z induces a homomorphism n* : X^ -^ Xe 
fitting into the following commutative diagram 

(1.2) Z0X^^Z®X 



Xe > Xe 

The homomorphism n* is explicitly given by the following formula, 

nx = n-a+l\ PH(x). 

Here we set Q) = "^"~ ' and for any additively written group G and any n G Z, 
5eG, 

{5+ •"•+.9, ifn>0; 
-g- ■ " -g, if n< 0. 
The function n- : G ^ G in general is not a homomorphism, but if G is abelian 
then n- is a homomorphism. This homomorphism is generalized by n* in (1.2) for 
square groups. 

Definition 1.3. A quadratic pair module G is a morphism d: Gnj -^ G/q\ between 
square groups 

Po 

C(0) — (Go ^ Gee), 
H 

p 

G(i) = (Gi ^Gee), 
Hi 

such that dee ~ 1 '■ Gee ^ Gee IS thc identity homomorphism. In particular d is 
completely determined by the diagram 

(1.4) Gee 

P / \.^ 

Gi >Go 

o 

where 9 = 9e, Fl\ = Hd and Pq = dP. 
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Morphisms of quadratic pair modules f : C 
homomorphisms /o : Co ^ -Do , /i ■ Ci ^ Di, fe. 
P and d in (1.4) as in the diagram 



D are therefore given by group 
Cee —>■ Dee, Commuting with H, 




They form a category denoted by qpm. 

Quadratic pair modules are also the objects of a bigger category wqpm given by 
weak morphisms. A weak morphism f : C —>^ D between quadratic pair modules is 
given by three homomorphisms /o, /i, fee as above, but we only require the following 
two diagrams to be commutative 



Ce 



D,^ 



-^Ce. 



®2(a 



(-h)H 



^D,, 



0)ab 

«'^(/0)at, 
(-1- 



^Po)a, 



>Ce, 



4d^ 



->Ci 



-^Co 



/o 



-^A 



^Dn 



Therefore 



Here (E)'^A = A (g) A denotes the tensor square of an abelian group. 
qpm C wqpm is a subcategory with the same objects. 

Let (Z, •) be the multiplicative (abelian) monoid of the integers Z. 

Definition 1.5. Any quadratic pair module C admits an action of (Z, ■) given by 
the morphisms n* : C — > C in wqpm, n G Z, defined by the equations 

• n*x ^ n- X + {^)dPH{x) for x £ Co, 

• n*y^n-y+ QPHd{y) for y G Ci, 

• n* z = n^z for z £ Cee- 

We point out that n* : C ^ C is an example of a weak morphism which is not a 
morphism in qpm since n* is not compatible with H. Notice that n* : Co —^ Cq 
and n* : Ci ^ Ci are induced by the square group morphisms nCg)C(o) and n(^Cti\ 
respectively, see diagram (1.2). We emphasize that this action is always defined 
for any quadratic pair module C and it is natural in the following sense, for any 
morphism / : C ^ D in qpm and any n G Z, the equality 

n = n J 

holds. This property does not hold if / is a weak morphism. The existence of this 
action should be compared to the fact that abelian groups are Z-modules. 

The category squad of stable quadratic modules is described in [Bau91] IV. C 
and [BM05a]. Quadratic modules in general are discussed in [Bau91] and [E1193], 
they are special 2-crossed modules in the sense of [Con84]. There is a faithful for- 
getful functor from quadratic pair modules and weak morphisms to stable quadratic 
modules 

(1.6) wqpm > squad 

sending C as in Definition 1.3 to the stable quadratic module 



(1.7) 



«)^(Co)ah 



Pi-\-)H 



c\ 



Co. 
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In this paper Gab is the abelianization of a group G and GnU is its projection of G 
to the variety of groups of nilpotency class 2. 

A track category is a groupoid-enriched category, which is also a 2-category where 
all 2-morphisms (also termed tracks) are vertically invertible. The category Top* 
of pointed spaces is known to be a track category with tracks given by homotopy 
classes of homotopies. The vertical composition in track categories is denoted by 
D, and the vertical inverse of a track a is a . 

The forgetful functor (1.6) can be used to pull-back to wqpm the track category 
structure on squad introduced in [BM05a] 6. The track structure on squad was 
already a pull-back along the forgetful functor 

(1.8) squad > cross 

from stable quadratic modules to crossed modules considered also in [BM05a] 6. 

Definition 1.9. We recall that a crossed module d: M ^ N is a. group homomor- 
phism such that N acts on the right of M (the action will be denoted exponentially) 
and the homomorphism d satisfies the following two properties (m, m' € M, n £ N): 

(1) d{in'"-) = —n + d{ra) + n, 

(2) TO^(™') = -m' + m + m' . 

The crossed module associated via (1.6) and (1.8) to a quadratic pair module G 
is given by the homomorphism 

where Gq acts on the right of Ci by the formula, x G Ci , y G Co , 
(1.10) x^ = x + P{^{x)\y)H■ 

T)ef^.nltlon 1.11. A track a: f ^ g between two morphisms f,g: G -^ D in 
wqpm is a function 

a : Go — > Di 
satisfying the equations, x,y ^ Co, z £ Ci, 

(1) a{x + y)= a(x)-^o(^) + a{y), 

(2) goix) = fa{x)+da{x), 

(3) gi{z)^h{z) + ad{z). 

Tracks in qpm are tracks in wqpm between morphisms in the subcategory qpm C 
wqpm. 

Proposition 1.12. The categories wqpm and qpm are track categories with the 
tracks in Definition 1.11. 

This proposition is a direct consequence of [BM05a] 6.4. Vertical and horizontal 
compositions are defined in the proof of [BM05a] 6.4. 

The following result shows that the weak action of (Z, •) defined above is also 
natural with respect to tracks in qpm. 

Proposition 1.13. Let f,g: G ^ D be morphisms in qpm and let a: g ^ f be a 
track as in Definition 1.11. Then the following diagram commutes 

Go^^Di 



Go^^D, 
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Given a pointed set E with base point * E E we denote by {E)nii and Z[_E] to 
the free group of nilpotency class 2 and to the free abeUan group generated by E 
with * = respectively. 

Definition 1.14. A quadratic pair module C is said to be Q-free if Cq = {E)nii, 

Cee = ^'^'Z[E] and H is determined by the equalities H{e) — for any e G E and 

{s\t)H = t(g)s for any s,t e {E)nii- 

The next lemma shows that 0-frec stable quadratic modules arc in the image of 
the forgetful functor in (1.6). 

Lemma 1.15. Any 0-free stable quadratic module 

^^Z[E] -^M^ {E)mi 
gives rise to a Q-free quadratic pair module 

p 





M > {E)ml 

with P{a eg) 6) — uj{b(S^ a). 

Later we will need the following technical lemma which measures the lack of 
compatibility of certain tracks in wqpm with the action of (Z, •). 

Lemma 1.16. Let C be a 0-free quadratic pair module with C'o ~ {E)nii, let 
f : Co -^ Co be an endomorphism induced by a pointed map E —>■ E, and let 
a: Co —> Ci be a map satisfying 

a{x + y) = a{x)-' ^^' + a{y) , 

m*x = f{x)+da{x), 

for some m gZ, and any x, j/ G Cq. Then the following formula holds for any n G Z 
and X E Co- 

a{n*x) = n*a{x) + ( 9 ) ( o )Pi^\^)H- 
Proof Wc first check that the lemma holds for x + y provided it holds for x, y G Cq. 

an* (x + y) = a{n*x + n*y) 

= a{n*xy'^"''y^ +a{n*y) 

= n*a{x) +n*a{y)+ \\\\p{x\x)h 

Tfl\ I Tl\ 

2/12/ ^^y^y^" + P{-f{n*x) + n*m*x\f(n*y))H 
n* {a{x) + a{y)) + n P{—f{x) + m* x\fy)H 

n*{a{x)f^y^ + a{y)) + ^™ j (^\ P{x + y\x + y)H 
n*a{x + y) + ( 2 ) ( 2 ) ^^^ ^ ^'^ ^ y"*"' 
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Here we use that / is compatible with the action of (Z, •) and that P{x\x)h is hnear 
in X. 

Now since Co = {E)nii we only need to check that the proposition holds for 
e G E. But H{e) = 0, so we have n*e — n ■ e. The equality 

ain-e) = n ■ a(e) + Q ^(/(e)|/(e))H + mQ ^(e|/(e))^ 

follows easily by induction in n from the first equation of the statement and the 
laws of a quadratic pair module. On the other hand 

n*a{e) = n ■ a{e) + ( ^ I PHd{—f{e) + m ■ e). 

One can also check by induction that 

PHi-fie) + m-e) ^ P(/(e)|/(e))« + mP(e|/(e))^ - Q P(e|e)H. 

Now the proof is finished. D 

Lemma 1.16 holds under the more general condition that Co is generated by 
elements x G Co with H{x) = and Hf{x) = 0. 

2. HOMOTOPY GROUPS AND SECONDARY HOMOTOPY GROUPS 

Let Top* be the category of (compactly generated) pointed spaces. Using clas- 
sical homotopy groups 7r„X we obtain for n > the functor 

n„ : Top* > Ab 

with 

r 7r„X, n>2, 

(2.1) n„X= <^ (7riX)afc, n=l, 

[ Z[7roX], n = 0, 

termed additive homotopy group. Here Gab is the abelianization of a group C. 
One readily checks that the smash product 

/Ag: S'"A5" — > X AY 

of maps {/: 5" -^ X} G 7r„X and {g: 5™ -^ Y] G T^mY induces a well-defined 
homomorphism 

(2.2) A : n„x ® n,„y -^ n„+„,(x a y). 

This homomorphism is symmetric in the sense that the interchange map tx,y '■ X A 
Y -^Y f\X yields the equation in Xln+m{Y A X) 

(2.3) (rx,y)*(/Ag) = (-l)"™5A/. 

Here the sign (—1)"™ is given by the interchange map 

which has degree (—1)""'. Here Tn,m also designates the corresponding element of 
the symmetric group Sym(ri + m) which acts from the left on 5'"'"'"'", see Section 5 
below. 

We want to generalize the smash product operator (2.2) for additive secondary 
homotopy groups. 
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Definition 2.5. Let n > 2. For a pointed space X we define tlie additive secondary 
homotopy group Hn.*X whicli is the 0-free quadratic pair module given by the 
diagram 



n„ .X = 



Z[S1"X] 



n 




\n^^oX = {n^x)r 



We obtain the group Iln.iX and the homomorphisms P and d as follows. The 
group Iln.iX is given by the set of equivalence classes [/, F] represented by a map 
f:S^^ \/n^xS^ and a track 




s"-V 



Here the pointed space 

Sx - Vo-xS*" = E"f^"X 
is the n-fold suspension of the n-fold loop space 0"X, where fl^X is regarded as 
a pointed set with the discrete topology. Hence S*^ is the coproduct of n-spheres 
indexed by the set of non-trivial maps 5" ^ X, and ev: S^ ^ X is the obvious 
evaluation map. Moreover, for the sake of simplicity given a map / : S*^ — > Vq^xS^ 
we will denote fev = ew(I]"~^/), so that F in the previous diagram is a track 
F: fev =^ 0. The equivalence relation [/, F] ~ [g, G] holds provided there is a track 
N: S"-V => S"-ig with Hopf{N) = if n > 3 or aHopf{N) = if n = 2, see 
(2.6) and (2.7) below, such that the composite track in the following diagram is the 
trivial track. 




That is i^ = GD{ev Nf^g). The map d is defined by the formula 

d[f,F]^{7rifU{l), 

where 1 G ttiS*^ = Z. 

The Hopf invariant of a track N : S"~^/ => S"~^g as above is defined in [BM05a] 
3.3 by the homomorphism 



ad(N), 



(2.6) H2{IS\ S' V S') -^' H^in'^-^Sl, Vn-xS^) 






which carries the generator 1 G Z = H2{IS^, S^ V S^) to Hopf{N). Here ad{N)^, is 
the homomorphism induced in homology by the adjoint of the homotopy 



N: j:"-'is'^is'' ^S^. 
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The reduced tensor square is given by 



.2 , A<^A 

?) A 



a(g)6 + 6(8)a~0' 
and 

(2.7) a: (g)^ A -» (g)^A 

is the natural projection. The isomorphism in (2.6) is induced by the Pontrjaging 
product. We refer the reader to [BM05a] 3 for a complete definition of the Hopf 
invariant for tracks and for the elementary properties which will be used in this 
paper. For the sake of simplicity we define the reduced Hopf invariant as Hopf = 
Hopf if n > 3 and Hopf = dHopf if n = 2. A nil-track in this paper will be a track 
in Top* with trivial reduced Hopf invariant. In particular the equivalence relation 
defining elements in Iin,iX is determined by nil-tracks. 

This completes the definition of n„,iX, n > 2, as a set. The group structure of 
Tln,iX is induced by the comultiplication /i: 5*^ -^ 5*^ V S^ , compare [BM05a] 4.4. 

We now define the homomorphism P for additive secondary homotopy groups 
Hn,*X with n > 2. Consider the diagram 




E""i/3 



where (3 : S"^ —^ S"^ W S^ \s given such that (7ri/3)„i;(l) = —a — 6 + a + 5 e (a, h)nii is 

- 2 

the commutator. The track B is any track with Hopf{B) = —a{a ® fe) G Z[a, b]. 
Given x®y E ®^Z[f7"X] let x,y: 5*^ -^ "^n^xS^ be maps with (7ria;)ah(l) = x and 
(j^iy)ab{^) — y- Then the diagram 




(2.8) 5" ■ — > S'' V 5" ■ > S'ji ——^ X 

represents an element 

P{x ®y)^ [(y, i)p, ev (S"-i(y, x))B] G lin^X. 

This completes the definition of the quadratic pair module n„.*X for n > 2. For 
n = 0, 1 we define the additive secondary homotopy groups Hn.*X by the following 
remark. In this way we get for n > a functor 

n„ * : Top* — > qpm 

which is actually a track functor. 

Remark 2.9. Considering maps f:S^^^X together with tracks of such maps to 
the trivial map, we introduced in [BM05a] the secondary homotopy group 7r„^*X, 
which is a groupoid for n = 0, a crossed module for n — 1, a, reduced quadratic 
module for n = 2, and a stable quadratic module for n > 3. Let squad be the 
category of stable quadratic modules. 
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Then using the adjoint funetors Ad„ of the forgetful functors (f>n as discussed in 
[BM05a] 6 we get the additive secondary homotopy group track functor 



n. 



Top* 



squad 



given by 



n„.*x = 



TTn^*X, for n > 3, 

Ad37r2,*X, for n ~ 2, 

Ad3Ad27ri,*X, for n = 1, 

Ad3Ad2Adi7ro,*X, for n = 0. 

This is the secondary analogue of (2.1). 

Here the category squad of stable quadratic modules is not appropriate to study 
the smash product of secondary homotopy groups since we do not have a symmetric 
monoidal structure in squad. Therefore we introduced above the category qpm 
of quadratic pair modules and we observe that n„^*X in squad yields a functor to 
the category qpm as follows. A map f : X ^ Y in Top* induces a homomorphism 
Tin,of' ^n,oX —>■ linfiY between free nil-groups which carries generators in IlnflX 
to generators in Tln^Y and therefore Tln.*.f is compatible with H. This shows that 
Lemma 1.15 gives rise to a canonical lift 



qpm 




Top* 



-J- squad 



Here the vertical arrow, which is the forgetful track functor given by (1.7), is faithful 
but not full at the level of morphisms. 

The definition of Il2,*X given above coincides with the lifting of Ad37r2.*X to 
qpm by the claim (*) in the proof of [BM05a] 4.9. 

In this paper we are concerned with the properties of the track functor Hn,*, 
mapping to the category qpm. The category qpm is, in fact, a symmetric monoidal 
category, defined by a tensor product in qpm, sec [BJP05], and the smash 
product yields the operator 



(2.10) 



A:n„^,X0n„^,y 



n 



n-\-m. 



.{X AY) 



constructed in [BM05b]. Equation (2.3) has now a secondary analogue given by the 
right action of the symmetric group Sym(n + m) on the object Hn+m,* {X A Y) in 
qpm. More precisely the following diagram commutes in qpm. 



n„,,X0n„^,y. 



-r© 



n„ 



-^n„+„,,(XAy) 

(jx.y). 



n 



7i-\-7n, 



.{Y hX) 



,Y n„,,x -^-^ n„+„,, (r a x) 



Here r© on the left hand side is given by the symmetry of the tensor product in 
qpm and t^ „ is defined by the action of Sym(n -f- m). For this reason we define 
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and study in this paper the properties of the symmetric group action on secondary 
homotopy groups. 

3. Actions of monoid-groupoids in track categories 

In this paper we deal with actions on additive secondary homotopy groups. Ad- 
ditive secondary homotopy groups are objects in a track category. In ordinary 
categories a monoid action is given by a monoid-morphism mapping to an endo- 
morphism monoid in the category. In track categories cndomorphism objects are 
monoids in the monoidal category of groupoids, where the monoidal structure is 
given by the (cartesian) product. Therefore one can define accordingly actions of 
such monoids. We make explicit this structure in the following definition. 

Definition 3.1. Let I be the category with only one object * and one morphism 
1: * ^ *. A monoid- groupoid G is a groupoid together with a multiplication 
functor •: G X G ^ G and a unit functor u: I -^ G, satisfying the laws of a 
monoid in the symmetric monoidal category of groupoids. We usually identify 
* = u(*). The opposite G°p of a monoid-groupoid is the underlying groupoid G 
with its unit functor and multiplication functor given by 

GxG^GxG-^G. 

Here T is the interchange of factors in the product. A monoid-groupoid morphism 
f: G — » H is a functor preserving the multiplication and the unit. 

Monoid-groupoids are also termed strict monoidal groupoids. The weaker ver- 
sions of this concept will not be considered in this paper, therefore we abbreviate 
the terminology. 

The canonical example of a monoid-groupoid is obtained by the cndomorphisms 
of an object A in a track category C, denoted 

Endc(A). 

The multiplication is given by composition in C, and the unit is given by the identity 
morphism Ix ■ X ^ X . In fact a monoid-groupoid as defined above is exactly the 
same thing as a track category with only one object, the opposite monoid-groupoid 
coincides with the the opposite of the corresponding track category and monoid- 
groupoid morphisms correspond to 2-functors. 

Definition 3.2. Let X be an object in a track category C and let G be a monoid- 
groupoid. A right action of G on X is a monoid-groupoid morphism G°^ — » 
Endc(A). 

An important example of monoid-groupoids arises from crossed modules. The 
monoid-groupoid M{d) associated to a crossed module d: T ^ G has object set 
G and morphism set the semidirect product G x T. Here we write the groups T 
and G with a multiplicative group law. An element {g,t) G G x T is a morphism 
{g, t): g ■ d{t) -^ g in M{d). The composition law o is given by the formula {g, t) o 
[g ■ d{t),t') — {g,t ■ t'). Multiplication in the groups G and G « T defines the 
multiplication of M{d) and the unit is given by the unit elements in G and G kT. 
Indeed this correspondence determines an equivalence between crossed modules and 
group objects in the category of groupoids. This example can be used to define 
crossed module actions. 
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Definition 3.3. Let X be an object in a track category C and let 9: T ^ G be a 
crossed module. A right action oi d: T ^ G on X is a. monoid-groupoid niorphisni 
M(a)°P^Endc(X). 

We are interested in right actions of crossed modules in the track category 
wqpm. We explicitly describe such actions as follows. 

Definition 3.4. A right action of a crossed module d: T ^ G on a quadratic pair 
module C in the category wqpm consists of a group action of G on the right of C 
given by morphisms in wqpm, 

g*:C^C, geG, 

together with a bracket 

((-,-)): Co xT^Ci 
satisfying the following properties, x,y (z Cq, z E Ci, s,t E T, g €^ G, 

(1) {{x + y,t)) = {{x,tr('yy + {{y,t)), 

(2) x^d{t)*x + d{{x,t)), 

(3) z^d{trz+{{diz),t)), 

(4) {{x,s-t)) - {{d{s)*x,t)) + {{x,s)) - d{tr{{x,s)) + {{x,t)), 

(5) {{x,t^))=g*{{{g-'rx,t)). 

We point out that the second equality in (4) follows from (l)-(3). Indeed these are 
the two possible definitions of the horizontal composition ((— , s)) ((— , t)) : d{st)* ==> 1 
of the tracks ((— , t)) : d{t)* ^ 1 and ((— , s)) : d{s)* => 1 in the track category wqpm. 

The notion of action defined above corresponds to an action in Norrie's sense 
([Nor90]) of a crossed module on the underlying crossed module of a quadratic pair 
module, however Norrie considers left actions. 

The very special kind of action introduced in the following definition will be 
of importance to describe the symmetric action on additive secondary homotopy 
groups in Section 5. 

Definition 3.5. Let {±1} be the multiplicative group of order 2. A sign group Gg 
is a diagram of group homomorphisms 

{±1} ^ Gn 4> G ^ {±1} 

where the first two morphisms form an extension. Here all groups have a multiplica- 
tive group law and the composite ed is also denoted by e: G\j — > {±1}- Moreover, 
we define the element lj = «(— I) G Gg. 

A sign group Gq acts on the right of a quadratic pair module G if G acts on the 
right of G by morphisms 

g* : C — > G, g E G, in qpm, 

and there is a bracket 

(-,-): Go xGn^Gi 
satisfying the following properties, x,y £ Go, z E Ci, s,t £ Gg, were e{t)* is given 
by the action of (Z, ■) in Definition 1.5, 

(1) {x + y,t) = {x,tf(*ry + {y^t), 

(2) s{tnx)^d{t)*{x)+d{x,t), 

(3) e{tnz)^d{tr{z) + {d{z),t), 

(4) {x,s-t)^{dis)*{x),t) + {e{t)*x,s), 
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(5) the CO -formula: 

{x,uj) = P{x\x)h- 
Notice that the a;-formula corresponds to the /c-invariant, see [BM05a] 8. 

Remark 3.6. A sign group G\j gives rise to a crossed module 

da = {e,d):Gn^{±l}xG, 
where {±1} x G acts on Gn by the formula 

g(-'") = h-'gh (£(.9)(^)) . 

Here g £ Gq, x E {±1}, h <E G and h G Gn is any element with d(h) = h. This 
action is well defined since Gg is a central extension of G by {±1}. 

Lemma 3.7. The sign group action in Definition 3.5 corresponds to an action of 
the crossed module 9n on C in the sense of Definition 3.4 such that {±1} acts on 
G by the action of (Z, ■) in Definition 1.5, G acts by morphisms in qpm, and the 
Lu-formula holds. The correspondence is given by the formula 

{{x,t)) ^ {e{tyx,t), xeCo, teGn- 

The proof of this lemma is straightforward. We just want to point out that 
Definition 3.4 (5) follows in this case from Definition 3.5 (4), (5), and Lemma 1.16. 

Remark 3.8. A sign group Gg is trivial if G is a trivial group. Notice that a trivial 
sign group acts on any quadratic pair module in a unique way. 

4. The action of End* (5*") on n„,*Ar 

Let S'" be the n-sphere and let End* (5") = il'^S" be the topological monoid of 
maps S" — > S" in Top*. Then the fundamental groupoid of End*(S'"), denoted by 
ttq,* End* (5*"), is a monoid-groupoid in the sense of Definition 3.1. It is well known 
that the monoid of path components of End* (5*") coincides with the multiplicative 
monoid (Z, •). 

We now consider the right action of ttq,* End* (5*") on n„,*X for n > 2. That is, 
we define for each pointed map / : 5*" ^ 5*" an induced map in qpm 

.r:n„,*x^n„,*r 

and we define for each track H : f ^ g with /, g: S" ^ S" a, track in qpm 

H*:f*^g*. 

This yields a right action of the fundamental groupoid ttq,* End*(S'") on the sec- 
ondary homotopy group n„_* AT in the track category qpm of quadratic pair modules 
in the sense of Definition 3.2. 

Theorem 4.1. Let X be a pointed space. For any n > 2 there is a natural action 
of the monoid-groupoid ttq,* End*(S'") on the quadratic pair module n„.*Ar. 

The rest of this section is devoted to the proof of this theorem, which is carried 
out in several steps. 

The discrete monoid ttq.o End*(S'"), which is the underlying set of the topological 
monoid End* (5"), acts on the right of the pointed set 17" AT of pointed maps S" -^ 
X by prccomposition, i. e. given / : 5*" ^ 5" the induced endomorphism is 

f*:n^X^n"X, f*{g)^gf. 
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This induces a right action of 7ro,o End*(5'") on the free group TTn,*X = {n"X)nii 
of nilpotency class 2 which wiU be denoted in the same way. 

In order to extend this action to Hn^iX we consider the submonoid 

(4.2) ^0,1 End* (5"') C tto.i End* (S*") 

of the monoid ttq,! End*(S'") of morphisms in ttq,* End*(S'") given by tracks between 
self-maps of S" of the form 

(4.3) 7:/^S"-i(.)^'=^^' = (-)^^^^. 

Here deg f E 1^ denotes the degree of / : S" ^ S" and for A: G Z 

is given by the (multiplicative) topological abelian group structure of S^ . 
We need a bracket operation 

(4.4) (-,-): n„,o^x ^0,1 End* (^")^n„4X, 

defined as follows. Let x G TTnflX = {VL'^X)nii and 7: / ^ {■)'^^^ in Troj End* (5"). 
We choose maps x: S^ ^f ^^n^xS^, e: S^ ^ S^ "V S^ with {nix)nii{l) ~ x and 
{'Kie)nii ~ —CI + 5 G {a,b)nii- Then (a;, 7) G Iln.iX is the element represented by 
the map 

S^ > S-i V S^ > (Vo-xS^^) V (Vo^jf 5I) ^ Vo.xS'i 



and the track 

(4.5) 



■^n^xi-t^^f 




E"-i£ 



E""i(£v£) 



(S"/*,Vfi.x(-)^°*^) 



Here iV is a nil-track. 

The main properties of the bracket operation in (4.4) are listed in the following 
proposition. 

Proposition 4.6. The bracket {—, — ) in (4-4) satisfies the following formulas for 
anyx,yeIl,,^oX and j : f ^ i-)^-^ i\ 6 : g ^ {■)i's s »„ ^0,1 End* (5")- 

(1) {x + yrf) = {x,"fy"y + {yrf), 

(2) (deg/)*a;-.rx + a(x,7), 

(3) (a;,7(5} == (/*x,(5) + ((deg5)*x,7), 

^ 2 

(4) ifoj: I5T1 => Isn is a track with ^ Hopf{uj) E ® Z, — Z/2 i/ie?i (x,a;) = 

P(a;|a;)if . 
Moreover, this bracket operation is natural in X . 

Proof. With the notation in [BM05a] 7.4 we have (^,7} = r(ew(Vo"X7)(S"^ix)) 
for the track 

ew(Vn^x7)(S""'i) : et;(E"/*)(S"-^i) = et;(Vo"x/)(S"-^i) ^ et;(Vn-.x(-)n°"0(S""'i), 
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therefore (1) and (2) follow from [BM05a] 7.6 and 7.5 (2). 
It is easy to see that the formula 

ev{Wn-xl5) = (ei^(Vo"X7)(Vn"x(-)^'''))n(ei'(Vo-.x<5)(S"/*)) 

holds, therefore (3) follows from [BM05a] 7.5 (3). 

If we evaluate (x, — ) at ui then the composite track obtained from (4.5) by going 
from the lower left S'" to the upper right S"^ has the same reduced Hopf invariant 
as the track from 5"" to S'^ in (2.8). Indeed the formula for both reduced Hopf 
invariants is (c) in the proof of Proposition 4.8. Therefore (4) follows. D 

The next result follows from the algebraic properties of the bracket (4.4) which 
are proved in the previous proposition together with Lemma 1.16. 

Proposition 4.7. The monoid tto.i End*(5") acts on the right of lin^iX by the 
following formula, n > 2: given x G n„.iX and 7: / ^ (')n°^^ 

7*a; = (deg/)*a:; - (9(a;),7). 

This action satisfies d"f* — f*d, j* P ~ Pi®^ fab)' ^''^'^ ^f* ^ i®^ flb)-^ ' therefore 
it defines an action of tto.i End,t(S'") on the right of the quadratic pair module 
Tln,*X in the category qpm. This action is natural in X . 

Proof. The equality H f* — i®^ flb)H follows from the fact that the endomorphism 
/* carries generators to generators in {Vt'^X)nii- The equality d^* = f*d follows 
from Proposition 4.6 (2). Let us check 7*P = Pi®^ fab)- Given a, 6 e ^"-X 

-i*P{a®b) = {Acgf)*P{a®b)- {-a-b + a + b,"f) 

= P(dcg ff{a®b)- (6, 7) - (a, 7) + (5, 7) + (a, 7) 

+P{-f*{a) + {Acgfya\f*b)H - P{-f*{b) + {Acg fyb\f*a)H 
= P{dcgffia(g>b) + Pid{b,j)\d{a,^))H 

+Pi-f*ia) + (deg fra\f*b)H - Pi~f*{b) + (deg/)*6|ra)H 
= -Pidegff{a\b)H 

-Pi-ria) + (deg/)*a| - f* (b) + (deg/)*6)H 
+P{-f*{a) + {dcg fya\f*b)H + P(/*a| - f*{h) + (deg/)*6)ff 
= -P{na)\f*{b))H 
= P{f*{b)\f*{a))H 
= P{f*{a)®f*{a)). 
Here we use Proposition 4.6 (1) and (2) and the fact that H{a) = = H{b). 
Finally given S: g^ (•)«''^^ 

7*(5*(x) = 7*((degg)*a:;- (9(x),(5)) 

= (deg/)*(degg)*a;- (deg/)*(9(a;), (5) - {g*d{x),j) 
= iidegf)idegg)rx- {{deg frd{x\S) - {g*d{x),j) 

+{'f){'Tyi9{xmx)u 

= {dcgfgYx- {d{x),jS) 

- ilS)*{x). 

Here we use Proposition 4.6 (1), (2) and (3), Lemma 1.16 and the fact that 
P{d{x)\d{x))H ^-x-x + x + x = 0. D 
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Proposition 4.8. For n > 2 the right action of the monoid ttq,! End*(S'") on the 
group Iln.iX given by Proposition 4-7 factors through the boundary honiomorphism 

q: 7^0,1 End,(^") -. ttq.o End,(^"), q{j: f => (O^^^^') - /, 

that is, the homomorphism 7* = /* only depends on the boundary 9(7) — /. 

Proof. Let 7: / ^ (On"^-' be any element in ^0,1 End, (S*") and let 6: {■)i''^f ^ 
{■)n°^-^ be any track. We know that all elements in q'^^if) are of the form SD'j, 
therefore we only have to check that for any [17, G] € Iln,iX 

or equivalently 

{d[g,G],j)^{d[g,G],SD^). 

The element (d[g, G], SDj) is represented by the following diagram 



(a) 







(1,1) 



i S*" V S"" - 



(14) 



¥ S'i- V S'l 



.X 




(b) 



Let us now pay special attention to the following subdiagram of (a) 

Vn-x(-)^°"^ 




(Vs-^"x(•)"°''^v^"x(•)^*"''^) 



5" > S" V 5" -—^ SI V SI 

E—i^ E"-i(gV3) 



This is a composite track, termed (b), between (n— l)-fold suspensions. The reduced 
Hopf invariant of (b) is trivial if HopfiS) =0. If 9^ 'Hopf{S) G «)^Z = Z/2 
then the reduced Hopf invariant of (b) is given by the following formula where 

(7ri5)at(l) = X]i=o ''^i'^i "= 1j[fl"X] for some a^ G 0"X and n^ G Z, 



(c) 



Hopf{h) ^J2^^"'^'^"'i ^ «)^Z[^"^]- 

i=0 
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Here we have used the elementary properties of the Hopf invariant for tracks de- 
scribed in [BM05a] 3. By using again these properties the reader can easily check 
that the following composite track has the same reduced Hopf invariant as (b) 



(d) 







Here 



(Vn"x(-)'^^0(S"-^5) ^ (S"-^ff)(-)^^^^ 
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can be any track. Since (b) and (d) have the same reduced Hopf invariantthen (a) 
represents the same element in Iln.iX as 



(e) 




S" > S" V S*" > SI V 5^ > 5^ > X 



The composite track (e) is the same as 



(f) 




5" > ^" V ^" -—^ S^ V s^ 



X 



■X 
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And (f) is the same as 
(g) 




S"-^e S"-i(gVg)^ ^ (S"/* ,Vs,„x (O^"" 



Obviously (g) coincides with 
(h) 




5" > ^" V ^" -—^ S^ V S^ -— - 
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And (h) is the same as 

(i) 





> S"- V S"" > SV. V sv. 

S"-i£ S'-i(gVg) (S"/-,Vn"x(-)^°''^) 

Notice that this last composite track (i) represents {d[g, G],7), hence we are done. 

D 

The next coroUary follows from the two previous propositions. 

Corollary 4.9. For any pointed space X and n > 2 the monoid ttq.o End* (5*") acts 
on the right of the quadratic pair module n„ *X. This action is natural in X . 

Now Theorem 4.1 is a consequence of the next result. 

Proposition 4.10. The action o/ ttq^o End*(S'") on the right of Iin,*X given by 
Corollary 4-9 extends to an action of the whole monoid- groupoid ttq,* End*(S'"), 
n> 2. 

Proof. A morphism H in ttq.* End* [S^) is a track H : f ^ g between maps f,g:S"^~ 
S"', in particular deg / = dcg g = k E Z,. In order to define a track 

H* : /* ^ g* 

between the quadratic pair module morphisms 

we choose tracks in tto.i End* (5*") 

such that 

H = (i^Ua. 
By Proposition 4.6 the maps 

(-,a),(-,/3):n„,o^^n„a^ 

are tracks 

(~,a): /* ^ fc*, 

in the category wqpm, therefore we can define H* as the vertical composition 



i. e. H* is the map 



7f* = (-,/3)^n(-,a), 
H* : I\-n.oX — > n„ iX 
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defined by 

H*{x) = {x,a) — {x,l3). 

By the proof of Proposition 4.6 and by [BM05a] 7.5 (3) the element H{x) coincides 
with r{ev{\/nnxH){Y^"^^x)) for x: S^ -^ ^/n^xS^ any map with (7rix)„i;(l) = x 
in the sense of [BM05a] 7.4. The reader can now use the properties of the bracket 
(4.4) described in Proposition 4.6 together with [BM05a] 7.5 (3) to check that this 
yields a monoid-groupoid action. D 

Later we will consider the quotient monoid tto.i End*(S'^) of tto.i End*(5^) de- 
fined as follows: two elements 7: / => (■)2'^^ ; 7- ff =^ (•)2'^^^ ^^ ttq,! End*(S'^) 
represent the same element in ttq^i End* (5*^) provided deg/ — degg and 



= HopfijDj") e ® Z = Z/2. 

Proposition 4.11. The bracket operation (4-4) factors for n ~ 2 through the 
natural projection tto.i End* (5^) -» 7fo,i End*(S'^). 

(-,-): n2,o X 7ro,i End* (S^) ^ Ha^iX. 

Proof. Two tracks 7 and 7 in tto.i End* (5*^) represent the same element in ttq^i End* (S^) 
if and only if 7 = SOj for some S : (•)2 ^ (•)2 with Hopf{5) = 0, so we only need to 
check that (x, 7) = (x, 5\I\'y). The element (x, 5\I\'y) is represented by diagram (a) in 
the proof of Proposition 4.8 where we assume that 17 is a map with {'Kig)nii{^) — x. 
As we mention in that proof diagram (b) is a nil-track in these circumstances, 
therefore we can drop 5 from (a) and still obtain the same clement in 112, iX. But 
if we drop 5 we obtain (x, 7), hence we are done. D 

5. The symmetric action on secondary homotopy groups 

The permutation of coordinates in S*" = 5^ A • • • A 5*^ induces a left action of 
the symmetric group Sym(n) on the n-spherc 5*". This action induces a monoid 
inclusion 

(5.1) Sym(n) C7ro,oEnd*(5'"). 

We define the symmetric track group for n > 3 

Symn(n) C ^0,1 End* (S"") 

as the submonoid of tracks of the from 

a: o ^ {■)i^^^-\ 

where a G Sym(n) and sign((7) G {il} is the sign of the permutation. Compare 
the notation in (1.6) and (4.3). 

The submonoid defined as above for n ~ 2 will be called the extended symmetric 
track group 

S^n(2)c^o,iEnd*(52)_ 



For n = 2 the symmetric track group Symg(2) is the image of Symg(2) by the 
natural projection tto.i End*(S'^) -» tto.i End*(5^) in Proposition 4.11. 

(5.2) Symn(2) C 7fo,i End*(S'2). 
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Proposition 5.3. The symmetric track group is indeed a group. Moreover, it fits 
into a central extension, n >2, 

Z/2 ^^ SymQ(n) -» Sym(ri) 
with 5{a) = a, which splits if and only if n = 2 or 3. 

This proposition follows from Corollary 6.9 and Remarks 6.10 and 6.12 below. 

For n = and n = 1 we define Sym(n) to be the trivial group, and SymQ(ri) 
the trivial sign group. Then the symmetric track group Symg(n) is a sign group 
(n >0) 

{±1} ^ SymQ(n) -» Sym(n) ^ {±1} 
as in Definition 3.5. 

Theorem 5.4. Let X be a pointed space. For n > the .symmetric group Sym(n) 
acts naturally on the right of the additive secondary homotopy group n„^*X in the 
category qpm of quadratic pair modules. Moreover, the restriction 

of the bracket defined in (4-4) if n > 3 and in Proposition 4-11 if n ^ 2 yields a 
natural right action of the sign group SyTa^{n) on Iln^^X in the sense of Definition 
3.5. 

The action of Sym(ri) is given by Corollary 4.9 and the inclusion (5.1) if n > 3 
or (5.2) if n = 2. The rest of the statement follows from Proposition 4.6. The cases 
n = 0, 1 are trivial consequences of Remark 3.8. 

6. The structure of the symmetric track groups 

In this section we construct a positive pin representation for the symmetric 
track group Sym^ (n) . By using this representation we obtain a finite presentation 
of SymQ(n). 

The action of Sym(n) on S" can be extended to a well-known action of the 
orthogonal group 0{n) which we now recall. Let [—1, 1]" C M" be the hypercube 
centered in the origin whose vertices have all coordinates in {±1}, D" C M" the Eu- 
clidean unit ball and 5*"^^ its boundary. There is a homeomorphism 0: [— 1, 1]" ^ 
D" fixing the origin defined as follows 

max \xi\ 

, , l<i<n 

Here x G [—1,1]" is an arbitrary non-trivial vector in the hypercube and ||-|| is the 
Euclidean norm. This homeomorphism projects the hypercube onto the ball from 
the origin. There is also a map collapsing the boundary 

q: [-1,1]" — >S^A •"• A5i =5", 
q{xi,.. .,a;„) == (exp(«7r(l +a;i)),. .. ,exp(i7r(l + x„))). 

The composite 

Q(t>-^ : £)" ^ S'" 
induces a homeomorphism 
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that we fix. 

The orthogonal group 0(n) acts on the left of the unit ball D". This action 
induces an action of 0{n) on the quotient space S" = _D"/5"~^ preserving the base- 
point. The interchange of coordinates action of the symmetric group Sym(n) on 
R" preserves the Euclidean scalar product, and therefore induces a homomorphism 

(6.1) i: Sym(n) ^^ 0(n). 

The pull-back of the action of 0{n) along this homomorphism is the action of 
Sym(n) on S" given by the smash product decomposition of S*". 

Remark 6.2. The action of 0(n) on 5" defines an inclusion 0{n) C End*(S'"). The 
induced homomorphism on tti is the Whitehead-Hopf J-homomorphism 

(6.3) J: TTiO{n) G^ m End, (5") = 7r„+iS'" 

which is known to be an isomorphism for n > 2. Let 7ro^,0(n) be the fundamental 
groupoid of the Lie group 0{n). Then, considering elements A, B E 0{n) as pointed 
maps 

A,B: 5" — ^S*" 
the isomorphism in (6.3) allows to identify all morphisms 7: A ^ i? in 7ro,,0(n) 
with all tracks 

-f. A^ B 
in TTo.i End, (S*"). Let Id„ G 0{n) be the identity matrix. The order 2 matrix 

Id„-i 



_i / e o(") 

will be denoted by Id„_i ©(—1). By using the action of 0{n) on S" we have by 
the notation in (4.3) that 

Id„_i©(-l) = (.)-i:^"^5". 

Obviously Id„ = (■)! = Is^ : 5" -> 5". 

The topological group structure of 0{n) induces an internal group structure on 
the fundamental groupoid 7ro,*0(n) in the category of groupoids. In particular the 
set 7ro,iO(n) of morphisms in 7ro,*0(n) forms a group. We define the subgroup 

d{n) C 7ro,iO(n) 

consisting of all the morphisms with target Id„ or Id„_i ©(—1). By Remark 6.2 
the symmetric track group is the subgroup 

SymQ(n) C 0{n) 

of morphisms with source in the image of i in (6.1), n > 3. The subgroup 0{n) is 
embedded in an extension 

(6.4) Z/2 ^ d{n) 4> 0(n), n > 3. 

The projection q sends a morphism in 0{n) C 7ro,iO(ri) to the source, and the 
kernel is clearly TTiO{n) = Z/2 for n > 3. The case n — 2 will be considered in 
Remark 6.12 below. 

There is also a well-known extension 

(6.5) Z/2 ^ Pin+{n) 4> 0{n) 

given by the positive pin group. Let us recall the definition of this extension. 
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Definition 6.6. The positive Clifford algebra C+(n) is the unital M-algebra gen- 
erated by Ci, I < i < n, with relations 

(1) ef = 1 for 1 < « < n, 

(2) CiCj — —CjCi for I < i < j < n. 

Clifford algebras are defined for arbitrary quadratic forms on finite-dimensional 
vector spaces, see for instance [BtD85] 6.1. The Clifford algebra defined above 
corresponds to the quadratic form of the standard positive-definite scalar product 
in M". We identify the sphere S"""^ with the vectors of Euclidean norm 1 in the 
vector subspace M" C C+{n) spanned by the generators e^. The vectors in 5*"^^ 
are units in C+(n). Indeed for any v G S"'^^ the square w^ = 1 is the unit element 
in C+{n), so that v~^ = v. The group Pin-\-{n) is the subgroup of units in C-|-(n) 
generated by S*"^^. Any x G Pin+{n) defines an automorphism of M" C C+{n) 
given by conjugation in C+(n) as follows 

K" — >R'':wi-^ -xwx-'^. 

If a; G 5'"""'^ then this automorphism is the refiection along the hyperplane orthog- 
onal to the unit vector x. This endomorphism always preserves the scalar product, 
therefore this defines a homomorphism 

p: Pin^{n) -» 0{n). 

This homomorphism is surjective since all elements in 0{n) are products of < n 
reflections. It is easy to see that the kernel of p is Z/2 generated by — 1 G C+(n). 
This is the extension in (6.5). 

The Clifford algebra C+(n) has dimension 2". A basis is given by the elements 

e^i • • -ei^, I <ii < ■■ ■ <ik <n. 

We give C+{n) the topology induced by the Euclidean norm associated to this basis. 
The positive pin group inherits a topology turning (6.5) into a Lie group extension. 

Proposition 6.7. The extension (6.4) is isomorphic to (6.5). 

Proof. Since Pin+{n) is a topological group 7ro,*Pm-|-(n) is a group object in the 
category of groupoids. We define 

Pin^{n) C 7ro.iPm+(n) 

to be the subgroup given by morphisms x ^ y in TTo.*Pin^{n) with target 1 or 
Cn. This is well defined since {l,en} C Pin+{n) is a subgroup. This observation 
is indeed the key step of the proof, and it shows for example why the negative pin 
group does not occur as (6.4). Moreover, 7ro,*p induces a homomorphism 

(a) Pin+{n) — > 0{n). 

It is well-known that Pin+{n) has two components. The two components are 
separated by the function 

Pin+{n) 4> 0{n) "^'{±1}. 
In particular 1 and e„ lie in different components, hence the homomorphism 

(b) Pin+(n) — > Pin+(n) 
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is surjective. Moreover, it is injective since the two components of Pinj^{n) are 
known to be simply connected, therefore (b) is an isomorphism. The inverse 

(c) Pin^{n) — > Pin^{n) 

sends an element x G Pin^{n) to the image by ttq^^p of the unique morphism x ^ y 
in 'KQ^^Pin+{n) with y = Cn provided detp(a;) = — 1 or y = 1 otherwise. 

Obviously the composite of (c) and (a) is compatible with the projections onto 
0{n) in (6.4) and (6.5), so we only need to check that the composite of (c) and 
(a) induces an isomorphism between the kernels. The kernel of p is —1. A path 
7: [0, 1] -^ Pin+(n) from —1 to 1 is defined by 

j{t) — (— cos(i7r)e2 + sin(i7r)ei)e2 = — cos(t7r) + sin(t7r)eie2. 

Now it is an easy exercise to check that p'j: [0, 1] -^ 0{n) is a generator of 7riO(n), 
and hence we are done. 

D 

Remark 6.8. We recall that the extension (6.5), and therefore (6.4), represents the 
second Stiefel- Whitney class W2 £ H'^{B0{n),Z/2), compare [Tei92] page 21. 

By definition of (6.4) and Proposition 6.7 we obtain the following corollary. 

Corollary 6.9. For n > 3 the symmetric track group Symg(n) is the pull back of 
the central extension for the positive pin group Pin^ (n) in (6. 5) along the inclusion 
i: Sym(n) C 0{n), in particular there is a central extension 

Z/2 ^^ Symg(n) -» Sym(n) 

classified by the pull-back of the second Stiefel- Whitney class i*W2 G -ff^(Sym(n), Z/2) 

Remark 6.10. The low-dimensional mod 2 cohomology groups of symmetric groups 
Syin(n) are as follows, n > 3, 

( Z/2x®'Z/2i*wi, forn = 3; 
H\Symin),Z/2) = } 

[ Z/2i*wi, for n > 3; 

( Z/2i*wl, for n==3; 

H^{Sym{n),Z/2) = I 

[ Z/2i*wle>Z/2i*W2, iorn>3. 

Here we write Wj G H^ {BO{n), Z/2) for the /'' Stiefel- Whitney class, j = 1, 2. The 
pull-back i*wi corresponds to the sign homomorphism 

i*Wi ~ sign: Sym(n) — > {±1} = Z/2, 

The pull-back of the second Stiefel- Whitney class is trivial for n = 3, therefore 
SymQ|(3) is a split extension of Sym(3) by Z/2, and x- SymQ(3) ^> Z/2 is a 
retraction. 

The following structure theorem follows from Corollary 6.9. 

Theorem 6.11. The symmetric track group SymQ(n) is the subgroup of Pin+{n) 
formed by the units x G C^(n) such that for any 1 < i < n there exists 1 < a{i) < n 
with —xcix^^ — Cati)- The boundary homomorphism 6: SymQ(n) ^> Sym(n) sends 
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X above to the permutation 6(x) = a. The group SyTa^{n) has a presentation given 
by generators UJ, ti, 1 < i < n — \, and relations 

tl = 1 /or 1 < i < n - 1, 

(t,t,+i)3 = 1 /or l<i<n-2, 

C.2 = 1, 

tiUj — Luti for 1 < z < n — 1, 

titj — Lutjti for I < i < j — I < n — 1] 

with uj i-^ —1 and ti h^ ~/n{^i ^ (^i+i)- I^ particular 6{uj) = and 6{ti) = (i z + 1). 

This is a group considered by Schur in [Schll] and by Serre in [Ser84]. 

Remark 6.12. In case n = 2 we have 0{2) = {±1} k S^ with {±1} acting on 
S^ exponcntiaUy, 0(2) — {±1} k M. with {±1} acting on K multipUcatively, and 
the projection q: 0{2) -« 0{2) defined as in (6.4) is the identity in {±1} and the 
exponential map in the second coordinate W ^> S^ : x i-^ ciip{2Trix). In particular 
we have an abelian extension 

Z^d{2)^0{2). 

The induced action of 0(2) on Z is given by the determinant det: 0(2) ^> {±1}. 
By Remark 6.2 the extended symmetric track group Symg(2) is the pull-back of 
i: Syin(2) C 0(2) along q, therefore we have an abelian extension 

q 



(6.13) Z --> Symn(2) -^ Sym(2), 

where Symg(2) acts on Z by the unique isomorphism SymQ(2) ^ {±1}- Now the 
symmetric track group Symg(2) can be identified with the push-forward of the 
extension (6.13) along the natural projection Z -^ Z/2, therefore we get a central 
extension 

(6.14) Z/2-^Symn(2) 4>Sym(2). 

The cohomology group iJ^(SymQ(2), Z) = is trivial, so (6.13) is a splitting ex- 
tension. Moreover (6.14) is also splitting since it is the push-forward of (6.13). 

7. An application to the cup-one-product 
Let n > m > 1 be even integers. The cup-one-product operation 

7r„S"" — > 7r2„+iS'2": a^aUia 

is defined in the following way, compare [IIM93] 2.2.1. Let k be any positive integer 
and let Tk S Sym(2fc) be the permutation exchanging the first and the second block 
of k elements in {1, ... , 2k}. If k is even then signrfc = 1. We choose for any even 
integer fc > 1 a track fk'- Tk ^ lg2k in SymQ(2fc). Consider the following diagram 
in the track category Top* of pointed spaces where a: 5" ^ 5™ represents a. 

(7.1) ^S2n^^^s2m 

B 



„ aAa ^ 

o2n ). o2m 
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By pasting this diagram we obtain a self-track of a A a 

(7.2) {Tm{a A a))n((a A a)f^) : aAa^aAa. 

The set of self-tracks aAa=>aAais the automorphism group of the map a A a 
in the track category Top*. The element a Ui a £ 7r2n+i'5'^™ is given by the track 
(7.2) via the well-known Barcus-Barratt-Rutter isomorphism 

Aut(a A a) ^ TT2n+iS^"', 

see [BB58], [Rut67] and also [Bau91] VI.3.12 and [BJOl] for further details. 
The following theorem generalizes [BJM83] 6.5. 

Theorem 7.3. The formula 

2{a Ui a) = "^^^ia A a)(S2("-i)ry) 

holds, where rj: S^ ^ S'^ is the Hopf map. 

The proof of Theorem 7.3 is based on the following lemma. 
Lemma 7.4. The following formula holds in SyTafj{2k) 

Proof. Here we use the representation of SyTa^{2k) in Pin+{2k) given in Theorem 
6.11 and the relations (1) and (2) in the definition of the Clifford algebra C+(2fc), 
see Definition 6.6. 

The permutation Tk can be expressed as a product of transpositions as follows 

Tfe = (1 k){2 k + l)---{k-l 2fc-l)(fc 2k). 

The element -h={ei — Ci+k) G S'^'^^^ C Pin^{2k) acts on R^*^ (with coordinates 
Gi, 1 < i < 2k) by reflection along the plane orthogonal to -j={ei — 6^+^), see 
Definition 6.6. This pane is e^ = e^+fe, therefore the action of —7s{ei — Ci^k) on M?^ 
interchanges the coordinates in e^ and ej+fe and preserves all the other ones. 

Now by Theorem 6.11 -h={ei — e-i+k) hcs in the positive pin representation of 

SymQ(2/i;) and 5{^(ei - Ci+k)) = (« i + k), so 

Tk = ±-r(ei - efc+i)(e2 - e^+a) • • • [e-k-i - e2fc-i)(efc - eafe). 

22 

The following equalities hold in the Clifford algebra C+(2fc), see the defining 
relations in Definition 6.6, i ^ j, 

{ci - Ei+k)"^ == ej - CiCi+k - Si+kSt + efj^^ 
= 1 - e^ei+k + e-iEi+k + 1 
= 2, 
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Hence we observe that 



1 1 



22 22 

- (-1)©. 



The proof is now finished. 



D 



Proof of Theorem 7.3. The element 2 (a Ui a) corresponds to the pasting of the 
following diagram 



1«2„ 



is2r, 



g2n ^^ g2m 



„ aAa ^ 
g2n ^ 5.2m 



n aAa o 

OA71 ^ olm 



I lQ2n 



By Lemma 7.4 and using that n and m are even this composite track coincides with 

lQ2n l,q277^ 




„ n aAa o 

t S'2" ^ 5'2" 




T S 



2m 



therefore 2(a Ui a) corresponds to the self-track 

(a) {{uj'^){aAa))D{{aAa){uj^)). 
The self-track uj~ (a Aa) corresponds to the homotopy class 

(b) (|(S2("-i)r;))(S(c.Aa)). 

Since Y,{aAa) = ±{Y^"^^^a)(Y^"^^a) which is a composite of two triple suspensions 
(b)is 



(c) 



(aAa)(|(S2("-i)^)). 



Moreover, the self-track {a A a)(uj2) corresponds to 

,n 



id) 



(aAa)(-(S2("-i)r;)), 



so the self-track (a) corresponds to the sum of (c) and (d) 

(«Aa)(^(S^("-i)^)). 



D 
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